In quantum physics, Efimov trimers 1-3 are bound states of three particles that fall apart like
that would probe these universal transitions between the normal gas, the superfluid gas, and the superfluid Efimov liquid.
We describe the system of N interacting bosons by a hamiltonian 
where p i , x i and m are the momentum, the position and the mass of particle i. The pair interaction experimental systems of cold atoms tuned to unitarity at a Feshbach resonance 15 are metastable because of the presence of deeply bound states. When three particles get too close, they leave the trap and contribute to the notorious three-body losses. In experiments, the three-body parameter given by R 0 depends on pair interaction parameters specific to each atomic species 16 .
In thermal equilibrium, within the path-integral representation of quantum systems that we use for our computations, position variables x i (τ) carry an imaginary-time index τ ∈ [0, β = 1/k B T ], where k B is the Boltzmann constant. The fluctuations of x i (τ) along τ account for the quantum uncertainty. The bosonic nature of many-particle systems manifests itself through the periodic boundary conditions in τ and, in particular, through the permutation structure of particles.
The length of permutation cycles correlates with the degree of quantum coherence 17, 18 . Interactions set the statistical weights of configurations 10 . Ensemble averaging, performed by a dedicated Quantum Monte Carlo algorithm, yields the complete thermodynamics of the system (see Supplementary Discussion 2 for computational details). The N-body simulation code is massively run on a cluster of independent processors. It succeeds in equilibrating samples with up to a few hundred bosons.
Snapshots for three particles in a shallow trap at ω ∼ 0 illustrate the quantum fluctuations in
, and characterize the Efimov trimer. Indeed, for two-body interactions without a bound state, virtually free particles fluctuate on the scale of the de Broglie wavelength λ th = 2π 2 β/m that diverges at low temperature (see Fig. 1a ). In contrast, for positive a, a bound state with energy
) forms in the two-body interaction potential. Two particles bind into a dimer, and the third particle is free (see Fig. 1c ). Efimov physics takes place at unitarity, where the bound state of the pair potential is at resonance E dimer = 0, and the scattering length a is infinite (see Fig. 1b) ). At this point, the two-body interaction is scale-free. While two isolated particles do not bind, in the three-particle system, pairs of particles approach each other, and then dissociate, so that, between τ = 0 and τ = β, the identity of close-by partners changes several times. This coherent particle-pair scattering process, the hallmark of the Efimov effect 3 , is highlighted in Fig. 1b .
At small temperatures, the fluctuations of this bound state remain on a scale proportional to R 0 and do not diverge as λ th . We obtain excellent agreement of the probability distribution of the hyperradius R with its analytically known distribution p R (R) (see Fig. 1d ). This effectively validates our algorithm. Furthermore, the observed quadratic divergence of the pair distance distribution ρ r (r), . The third-order term is crucial to the description of Efimov physics as it is the first term at which three-body effects appear 21 . It depends explicitly on T and R 0 .
In the harmonic trap, particles can be in different thermodynamic phases depending on the distance r from its centre. We monitor the correlation between the pair distances and the position in the trap, and are able to track the creation of a drop of high-density liquid at r ∼ 0 (see Fig. 3a-c ).
This drop grows as the temperature decreases. The observed behaviour corresponds to a first-order normal-gas-to-superfluid-liquid transition. All particles in the drop are linked through coherent close-by particle switches as in Fig. 1b , showing that the drop is superfluid. Deep inside the liquid phase, the Quantum Monte Carlo simulation drops out of equilibrium on the available simulation times. Nevertheless, at its onset and throughout the values of R 0 , the peak of the pair correlation function is located around 10R 0 , which indicates that the liquid phase is of constant density n l ∝ R −3 0 (see Fig. 3c ). At larger values of R 0 , the density difference between the trap centre and the outside vanishes continuously, and the phase transition is no longer seen (see Fig. 3d-f ). Beyond this critical point, the peak of the pair correlation also stabilizes around 10R 0 , which indicates a crossover to liquid behaviour (see Fig. 3f and Supplementary Discussion 5 for additional details on the characterization of the first-order phase transition).
Our numerical findings suggest a theoretical model for the competition between the unitary gas in third-order virial expansion and an incompressible liquid of density n l ∝ R −3 0 and constant energy per particle − ∝ E t , as suggested by ground-state computations for small clusters 9 . For simplicity, we neglect the entropic contributions to the liquid-state free energy T S , so that
The phase equilibrium is due to the difference in free energy and in specific volume at the saturated vapour pressure (see Supplementary Discussion 6). We extend the third-order virial expansion to describe the gaseous phase in the region where quantum correlations become important. Because the conventional superfluid transition is continuous, it still conveys qualitative information about the transition into the superfluid Efimov liquid in that region. At small R 0 → 0, the coexistence line approaches infinite temperatures, as the fundamental trimer energy E t ∝ R −2 0 diverges. For larger values of R 0 , the density of the liquid decreases and approaches the one of the gas. The liquid-gas transition line ends in a critical point, were both densities coincide. As the liquid is bound by quantum coherence intrinsic to the Efimov effect, this critical point must always be inside a superfluid. The agreement between this approximate theory and numerical calculations for the trap centre phase diagram is remarkable (see Fig. 4a ). Beyond the critical point, we no 5 longer observe a steep drop in the density on decreasing the temperature. We also notice that quantum coherence builds up in the gaseous phase, so that only a conventional superfluid transition takes place. Our numerical results suggests it occurs at a temperature slightly lower than that for the ideal Bose gas 22 , T 0 BEC ≈ ω(0.94N 1/3 − 0.69).
Our theoretical model also yields a phase diagram for a homogeneous system of unitary bosons (see Fig. 4b ), where, in addition, the conventional superfluid transition is simply modelled by that of free bosons 23 . In absence of a harmonic trap, only two independent dimensionless numbers may be built, k B T/ , and P 3 / √ m 3 5 . As a consequence, the phase diagram in these two dimensionless numbers is independent of the choice of , that is, of R 0 . The scalings of the rescaled pressure with R We expect model-dependent non-universal effects in two regions. At high temperature λ th R 0 , only a classical gas should exist as the hyperradial cutoff is much smaller than the de Broglie thermal wavelength, and therefore prevents the build-up of quantum coherence. At high pressure P ∝ T , we expect a classical solid phase driven by entropic effect, as for conventional hard-sphere melting.
In present-day cold atom experiments, unitarity is achieved by tuning the scattering length to infinity using Feshbach resonances 15 . In experimental systems, the observation of thermodynamic states of the unitary Bose gas is rendered difficult by the same three-body losses although, on the other hand, these losses serve to characterize Efimov trimers [4] [5] [6] . Notwithstanding these complica- a. In the harmonic trap, depending on the value of R 0 /a ω , we observe a normal-gas-to-superfluidliquid first order phase transition or a conventional second-order superfluid phase transition (solid, black lines). The normal-gas-to-superfluid-liquid phase transition corresponds well to our theoretical model (solid, blue line) at high temperatures. Consistently with theoretical predictions, the numerical coexistence lines are qualitatively continued to a triple point and a critical point (dashed black and dashed green lines). b. In a homogeneous system, the normal-gas-to-superfluid-liquid coexistence line (solid, blue) and the conventional superfluid transition line (solid, red) are universal. The predicted divergence of the normal-gas-to-superfluid-liquid coexistence line (dashed, red) and the phase transition to a solid phase (dashed, purple) are non-universal physics specific to our interaction model. 13
